I. INTRODUCTION
The Givens rotation, which requires a square-root (sqrt) operation in the generic formulation, is a versatile method in performing many signal processing algorithms involving matrix computations, such as the QR decomposition (QRD), the singular value decomposition, and the eigendecomposition [7] . While many researchers have worked on reformulating algorithms suitable for parallel computing and VLSI architectures, current VLSI architectures still disapprove if not prohibit sophisticated computations. A noticeable example is the sqrt operation, which may occupy much area in a VLSI chip or may also require many cycles to accomplish such Manuscript received July 10, 1991; revised March 31, 1992. This work was supported in pan by the National Science Council of the Republic of China under Grant NSC80-E-SP-009-01 A, the NSF Engineering Center Grant ECD-8803012 and Minta Martin Award of the University of Maryland, the NSF Grant NCR-8814407, and a UC MICRO grant. One of the contributions of this correspondence is that these fundamental relationships are characterized in simple manners through only two parameters. The prototypes of generalized sqrt-free algorithms are given in Section 11, where all of the sqrt-free algorithms are found by the selection of two parameters. We proceed in Section I11 to seek a sqrt-free optimum residual of the RLS filtering problem. A brief conclusions is given in Section IV. 
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THE pv FAMILY OF SQUARE-ROOT-FREE ALGORITHMS
In VLSI circuit design, sqrt operation is expensive, because it takes up much area or is slow (due to many iterations). Therefore, it is advantageous to avoid or minimize sqrt operations.
By taking out a scaling factor from each row, the two rows under consideration before and after the Givens orthogonal transformations is denoted by s expressions in (18) are not explicitly needed in the computation of (l3)-(17). The use of the rotation parameter c in (18) (with one sqrt operation) will be further considered in Section I11 when the optimum residual e is desired. Furthermore, Section 111 will show that it is possible to obtain e without any sqrt operation and the explicit computation of the rotation parameter c can be bypassed.
To avoid repetitive computations and take the advantage of previously computed results, (14). (16), and (18) use the newly updated k: of (13). As stated earlier, we are free to choose those two parameters p and U. Different choices of p and U will affect the number of multiplications and divisions, as well as the numerical stability and parallelism of these computations.
It can be easily shown that this unified view can generate all of the previously known sqrt-free algorithms via a proper choice of p and U. In fact, there has been more than ten sqrt-free algorithms known so far. 
(18)
Notice that the sqrt operations disappear in our formulas of (13)-(17), while they are needed in the Givens rotations. Also, the c and In Table I , we list various sqrt-free algorithms and the corresponding choices of p and U. Hence, this class of sqrt-free algo- Hammarling (1974) Bareiss (1982) Ling (1989), KalsoniYao (1985) k,,a, = 1
CheniYao (1988) k,a, = 1
GotzeiSchwiegelshohn (1989) BarlowiIspen 
koa: + kbb:
not Only can we generate those known sqrt-free algothen we can readily verify that this is a new sqrt-free algorithm. In flthms, but we are choosing new pairs Of ( p , ' ) parameters.
to find new sqrt-free by let us fact, the new sqfl-free algorithm is among the best in the list of Table I in terms of number of divisions, e.g., it only requires one an division and no square root. In principle, there are unlimited choices of p and v for sqrt-free algorithms. Table I1 shows comparisons of computational complexity of some algorithms listed in Table I . In the following, we will apply the developed prototypes of sqrtfree rotations developed before to the QRD-based RLS estimation problem where we are only interested in the optimum residual. How to obtain the optimum residual by using the systolic array [ 131 has been well known. To be specific, we are interested in updating from 
with (pl, v I ) being the parameter pair which are still free to be chosen later. Note the close analogy of (33)-(38) to those of (13) Another example can be taken from Hammarling's suggestion [9] as follows:
Then it follows that k: = k , a , , / p , and the Hammarling optimum residual is given by
IV. CONCLUSIONS
The Givens rotation is the most commonly used method in performing QRD updating. Most of these rotation-based methods require explicit sqrt computations which are undesirable from the practical VLSI circuit design point of view. Our work is the first effort to establish basic understanding of all known sqrt-free QRD algorithms, from which the basic criterion is seen to be simple. We have shown that all the current known sqrt-free algorithms belong to the p v family. New sqrt-free algorithms can be easily obtained from this p v family. The issue of choosing optimal parameters /A and v in terms of computational complexity (hardware and software) and numerical properties still remains an open question. This unified approach also provides a fundamental framework for the sqrt-free RLS algorithm, which is essential for fast operations and practical VLSI implementations.
